STATS

Nonconvex Stochastic Optimization

min  E[f(z,&)] 4+ r(x).

reX
F(x) =E|[f(z,€£)] differentiable r(x) convex
¢ ~ D unknown distribution X C RY closed, convex

1

SMD [1] x4 = argmin, . v(V f(x4, &), x) + () + —Dy(x, 24)

Tt
Distance generating function: w(x) is 1-strongly convex w.r.t. ||-||.
Bregman divergence: D, (x,y) = w(z) — w(y) — (Vw(y),x — y).

Examples:
w(x) D,(x,y) Smooth?

1. Fuclidean %HSIZH; %Hf—yHé v
2.  Entropy Zgl:l ! 10g($i) Z;Ll z' log (='/y') X

3. Polynomial  § ||zl + =5(l]|5" - X

Convergence Measures

(2) Bregman Forward-Backward Envelope

Qp(z,y) = (VF(z),y — ) + pDu(y, z) + r(y) — r(z),
Dp(x) = —2pmin Qy(, y).

(2¢) Bregman Gradient Mapping

x" = argmin,cy Q,(z,y),

2
AJ(z) = p*(Dy(x", z) + Dy(z,27)).
Remark: Dy(z) = AJ(x) = IVF(z)||” if w(z) = . |z||5, 7 = 0.

Lemma 1.
a. 2D, () > Al (z) > p* |l — z||?, Yz e X, p>0,
b. It can be D(z) > A} (x), e.g., for r(z) = |z|, F(x) = 2

2

A () Yz e (0,1], Vpi € [p,2p].

Claim 1. D,(x) is the strongest FOSP measure we know for SMD.

Assumptions

A.1. Relative smoothness w.r.t. w(-).
—{Dy(z,y) < Flz) — F(y) = (VF(y),x —y) < LD.(z,y).
Remark: A.1. is implied by ||VF(x) — VF(y)|l« < {l||lz — y]l.

A.2. Bounded variance w.r.t. dual ||-|s.

L[V f(z,8)] =VF(x), E||Vf(z,§)—VF()] <o

Ilyas Fatkhullin Niao He

Limitations in Prior Work

X [2] Large mini-batch ©(7?), Euclidean norms in A.1. and A.2.

A1 o=P(xy) — D, d(x) = F(x) +r(x).

X [3,4] Smooth w(-) and bounded gradient assumption.

Ao = CI>1/p(3715) — @7, q)l/p(aj) = 1?;%15(1 P(y) + pDuly, z)] -

Contributions.

v/ New Lyapunov function:
At 1= N—1PAs1 + Ag o

v/ Analysis with general non-smooth w(-).

v/ Stronger measure, D,(x), and assume mild A.1., A.2.

Main Results

Convergence in-expectations

Theorem 1. Let A.1. and A.2. hold, z7 ~ U(xg, ..., z7_1),

N 1 A
= min {4,/ Rp b

. _ g)\() | 0'28)\0
‘L[Dgg(xT)] =0 ( T | \/ T ) :

High probability convergence.

Theorem 2. Let A.1., A.2. hold and ||V f(z,£) — VF(z)||« be
o-sub-Gaussian. Then with probability 1 — 3,

| =L (65\0 0'265\0\
— D < |

where Ao := ®(zy) — ®* + nyo?log (5).

Global convergence under Generalized Proximal PL.
A.3. There exists a € |1,2], u > 0 such that for some p > 3¢ and
all z € X

D,(x) > 2u(P(x) — )7

Theorem 3. Let A.1., A.2., A.3. hold. Then for any € > 0, we
have min,<7 E [®(z) — &*] < ¢ after

tAo 1 2 (Apo” 1
T=0 ( ’ —a 1Og ( O) | 020- 40‘) '
U e o 923 u= g a

Taming Nonconvex Stochastic Mirror Descent
with General Bregman Divergence
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Implications for Machine Learning

I. Differentially Private Learning in ¢, setup.
Definition 1. Algorithm M is (e, §)-DP if for any Y C Range(M)

Pr(M(S)e ) <ePr(M(S5)el) +6

Let S = {¢', ..., 6"}, VF(x) =Y, Vf(z,&), wx) =X, 2D 1log 2,
and inject Gaussian noise b; ~ N (0, 0&1y), o > 0.

DP-MD: ;1 = argmin,cxm:({VEF(z¢) + b, y) +7(y)) + Doy, z4),

Corollary 1. Let X be a unit simplex, and ||V F(x)||s < Gforallx € X.
Then DP-MD is (¢,0)-DP and with probability 1 — 3 satisfies

= (Gm log(d) log (1/s) log (1/5)).

_ D —
TZ:O 5€<wt) O ne

Implication: This replaces d by log(d) compared to DP-GD, due to
dual norm in A.2.

II. Policy Optimization in Reinforcement Learning.
MDP M = {S, A, P, R,~,p} with finite |S| and |A|. A(A) is a proba-

bility simplex for each s € §. Minimize over

%(W) = —IK Z ”th(Sh, ah) , S.t.meE X = A(A)’S‘, Sp ~ P.
| h=0

Fact 1. |[VV,(7m) — VV, (7

||2700 S (1%77)3 ||7T — 7T/||2,1 \V/’/T, 7T/ c X.

CXPp (_nt§svu(ﬂt))

ZaEA CXp (_nt/v\s,av,u@"-t))

2
2,00

SMPG: ma=m0F, E = Vs €S,

where /V\SVM(T('t) ~ VV,(m) with variance o3 . in ||-||2,00 norm.

Corollary 2. Ve > 0, SMPG gives ming<;<7_1 E [D,(7)] < e* after

ro—1 | T
=P (=)t

Implication: Improves the Euclidean version: O <(1|“j)|352 | (JA‘V{?%&AI)
without access to ()-function, due to A.1.& Fact 1.
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