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Nonconvex Stochastic Optimization

min
x∈X

E [f (x, ξ)] + r(x).

F (x) := E [f (x, ξ)] differentiable r(x) convex
ξ ∼ D unknown distribution X ⊂ Rd closed, convex

SMD [1] xt+1 = argminx∈X ⟨∇f (xt, ξt), x⟩ + r(x) + 1
ηt

Dω(x, xt)

Distance generating function: ω(x) is 1-strongly convex w.r.t. ∥·∥.
Bregman divergence: Dω(x, y) := ω(x) − ω(y) − ⟨∇ω(y), x − y⟩.

Examples:
ω(x) Dω(x, y) Smooth?

1. Euclidean 1
2 ∥x∥2

2
1
2 ∥x − y∥2

2 ✔

2. Entropy ∑d
i=1 xi log(xi) ∑d

i=1 xi log (xi/yi) ✗

3. Polynomial 1
2 ∥x∥2

2 + 1
q+2∥x∥q+2

2 − ✗

Convergence Measures

(i) Bregman Forward-Backward Envelope
Qρ(x, y) := ⟨∇F (x), y − x⟩ + ρDω(y, x) + r(y) − r(x),

Dρ(x) := −2ρ min
y∈X

Qρ(x, y).

(ii) Bregman Gradient Mapping
x+ := argminy∈X Qρ(x, y),

∆+
ρ (x) := ρ2(Dω(x+, x) + Dω(x, x+)).

Remark: Dρ(x) = ∆+
ρ (x) = ∥∇F (x)∥2 if ω(x) = 1

2 ∥x∥2
2, r = 0.

Lemma 1.
a. 2Dρ/2(x) ≥ ∆+

ρ (x) ≥ ρ2 ∥x+ − x∥2, ∀x ∈ X , ρ > 0.
b. It can be Dρ(x) ≫ ∆+

ρ1
(x), e.g., for r(x) = |x|, F (x) = x2

Dρ(x) ≥ 2
|x|

∆+
ρ1

(x) ∀x ∈ (0, 1], ∀ρ1 ∈ [ρ, 2ρ].

Claim 1. Dρ(x) is the strongest FOSP measure we know for SMD.

Assumptions

A.1. Relative smoothness w.r.t. ω(·).
−ℓDω(x, y) ≤ F (x) − F (y) − ⟨∇F (y), x − y⟩ ≤ ℓDω(x, y).

Remark: A.1. is implied by ∥∇F (x) − ∇F (y)∥∗ ≤ ℓ∥x − y∥.

A.2. Bounded variance w.r.t. dual ∥·∥∗.
E [∇f (x, ξ)] = ∇F (x), E

[
∥∇f (x, ξ) − ∇F (x)∥2

∗
]

≤ σ2.

Limitations in Prior Work

✗ [2] Large mini-batch Ω(ε−2), Euclidean norms in A.1. and A.2.

λt,1 := Φ(xt) − Φ∗, Φ(x) := F (x) + r(x).

✗ [3,4] Smooth ω(·) and bounded gradient assumption.

λt,2 := Φ1/ρ(xt) − Φ∗, Φ1/ρ(x) := min
y∈X

[Φ(y) + ρDω(y, x)] .

Contributions.
✔ New Lyapunov function:

λt := ηt−1ρλt,1 + λt,2.

✔ Analysis with general non-smooth ω(·).

✔ Stronger measure, Dρ(x), and assume mild A.1. , A.2.

Main Results

Convergence in-expectations

Theorem 1. Let A.1. and A.2. hold, x̄T ∼ U(x0, . . . , xT−1),
ηt := min

{
1
2ℓ,
√

λ0
σ2ℓT

}
,

E [D3ℓ(x̄T )] = O
ℓλ0

T
+
√

σ2ℓλ0

T

 .

High probability convergence.
Theorem 2. Let A.1., A.2. hold and ∥∇f (x, ξ) − ∇F (x)∥∗ be
σ-sub-Gaussian. Then with probability 1 − β,

1
T

T−1∑
t=0

D5ℓ(xt) ≤ O

ℓλ̃0

T
+

√√√√σ2ℓλ̃0

T

 ,

where λ̃0 := Φ(x0) − Φ∗ + η0σ
2 log (1/β).

Global convergence under Generalized Proximal PŁ.
A.3. There exists α ∈ [1, 2], µ > 0 such that for some ρ ≥ 3ℓ and
all x ∈ X

Dρ(x) ≥ 2µ(Φ(x) − Φ∗)2/α.

Theorem 3. Let A.1., A.2., A.3. hold. Then for any ε > 0, we
have mint≤T E [Φ(x+

t ) − Φ∗] ≤ ε after

T = O
ℓλ0

µ

1
ε

2−α
α

log
(

ℓλ0

µε

)
+ ℓλ0σ

2

µ2
1

ε
4−α

α

 .

Implications for Machine Learning

I. Differentially Private Learning in ℓ1 setup.
Definition 1. Algorithm M is (ϵ, δ)-DP if for any Y ⊆ Range(M)

Pr (M(S) ∈ Y) ≤ eϵ Pr (M (S ′) ∈ Y) + δ.

Let S := {ξ1, . . . , ξn}, ∇F (x) := ∑n
i=1 ∇f (x, ξi), ω(x) = ∑d

i=1 x(i) log x(i),
and inject Gaussian noise bt ∼ N (0, σ2

GId), σG > 0.

DP-MD: xt+1 = argminy∈Xηt(⟨∇F (xt) + bt, y⟩ + r(y)) + Dω(y, xt),

Corollary 1. Let X be a unit simplex, and ∥∇F (x)∥2 ≤ G for all x ∈ X .
Then DP-MD is (ϵ, δ)-DP and with probability 1 − β satisfies

1
T

T−1∑
t=0

D5ℓ(xt) = O

G
√

ℓλ0 log(d) log (1/δ) log (1/β)
nϵ

 .

Implication: This replaces d by log(d) compared to DP-GD, due to
dual norm in A.2.

II. Policy Optimization in Reinforcement Learning.
MDP M = {S, A, P , R, γ, p} with finite |S| and |A|. ∆(A) is a proba-
bility simplex for each s ∈ S. Minimize over π

Vp(π) := −E
 ∞∑

h=0
γhR(sh, ah)

 , s.t. π ∈ X := ∆(A)|S|, s0 ∼ p.

Fact 1. ∥∇Vp(π) − ∇Vp (π′)∥2,∞ ≤ 2γ
(1−γ)3 ∥π − π′∥2,1 ∀π, π′ ∈ X .

SMPG : πt+1 = πt ⊙Et, Es
t :=

exp
(
−ηt∇̂sVµ(πt)

)
∑

a∈A exp
(
−ηt∇̂s,aVµ(πt)

) ∀s ∈ S,

where ∇̂sVµ(πt) ≈ ∇sVµ(πt) with variance σ2
2,∞ in ∥·∥2,∞ norm.

Corollary 2. ∀ε > 0, SMPG gives min0≤t≤T−1 E [Dρ(πt)] ≤ ε2 after

T = O
 1

(1 − γ)3ε2 +
σ2

2,∞
(1 − γ)3ε4

 .

Implication: Improves the Euclidean version: O
(

|A|
(1−γ)3ε2 + |A|σ2

F

(1−γ)3ε4

)
without access to Q-function, due to A.1.& Fact 1.
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