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Problem Setting

Non-convex stochastic optimization problem:

min f(2) := Eeup [fe()] (1)

reRd
f(-) is smooth, ie., ||[Vf(z) — VFw)| < L|lx — y|| for all z,y € R?
15 = inf,cpa f(ﬂ?) > —0OQ.
Goal: find & such that E | f(2) — f*] < e.

Assumptions on Landscape

Kurdyka-tfojasiewicz (K¥L.) [1]. There exists a continuous function ¢ :
R* — R" such that ¢(0) = 0 and ¢*(+) is convex, and

V@) > ¢(f(x) = f) forallzeR"

Polyak-Y.ojasiewicz (a-PY) |2|. There exists o € [1,2] and p > 0 such
that

IVf(@)* = 2" (f(z) = f*) forallz e R

Simple example: f(x) = xa-71 is a-PL.

Applications: Reinforcement Learning, Optimal Control, GLMs.

Assumptions on Noise

Expected Smoothness of order k (k-ES) [3|. Stochastic gradient
estimator gi(x, &) satisfies E [gr(x,£)] = V f(z) and
C

8 | lgr(, ) < 24-h(f(z) = f*) + B-[[Vf()|* + b
for all z € RY, where A, B,C > 0, h: Rt — R" is a concave continuously
differentiable with h'(t) > 0, h(0) = 0.

Bounded variance (BV) is a special case of k-ES with A =0, B=1
and C' = o2, ie.,

0_2

2 lgu(z, &) — VF(@)|°] < o

Examples of k-ES:
e mini-batch estimator gy(x, £) = ~ 3%,V fei(z),

by

e compression in distributed optimization gi(z,&) = Q (V fe(x)).

Main goal

Understand the sample complexity of first-order stochastic optimization
methods under global Kt and Pt conditions.

Related work: Analysis of SGD: 1. a = 2 and k-ES (3], 2. a € [1,2] and
BV [4]. Our analysis recovers the special cases in 3] and [4].

L ETH Zurich 2 EPFL

X . .
equal contribution

Dynamics of SGD under KL

Stochastic Gradient Descent (SGD):
Tre1 = Tt — Mg, ).

Lemma 1. Let f(-) satisfy K& and gp(z, &) satisfy k-ES, then

d 2
6t—l—1 < 515 + @772 y h(gt) — g¢2<5t) | Z 9

where ¢, ;== E |[f(x:) — f*], a .= LA, d = %, n =N

Corollary 1. Let f(:) satisfy a-PL, by = © (k™). Then the sample
complexity of SGD is

r _i-a
O(ef@> for0 < <2

4—a—?
(4—a—~)(T+1)

K1
T - Z b, = « B
k=0 \(9 (ef 2 ) for 7 > 4—3—7'

Table 1: Sample complexity to achieve E [f(x;) — f*] < €r, k = £/p.
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Table 2: Sample complexity to achieve
of optimal points of f(-).
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Variance Reduction for o-PL

Additional assumption: k-Average L-smoothness (k-AS).

Let g1.(x, &) := éz?gl V fei(x) and g.(y, &) = 6—122?’;1 V fei(y) be unbiased
estimators of V() at points z and y, & = (£1,..., &%), let Alx,y) =
g, &) — g1.(y, €). There exists £ > 0 such that

- 2 L?
2 |36 y) - Ay ] <5 e =yl
for all z,y € RY, where A(x,y) = Vf(z) — V£(y).

o if b} = n in finite sum case, then £ = 0,

oif each V fe(z) is L Lipschitz, then k-AS holds with £ < L,

=Pl
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Algorithm 1: PAGER (PAGE [5] with restarts)
for k=0,..., K —1do
(l’o,go) < (jkaék)

(n,p,b,0") < (&, Dk, bk, b},)
fort:O,...,Tk—ldo

= gt — g,
Sample x ~ Bernoulli(p)
Grrl = ¢ %Z?ﬂ Vf§g+1(95t+1) if v =1
+1 = , / |
G+ X Vg (@) — § 50 Ve (@) i x =0

(Zk+1, Gh+1) < (T1s1, Gr1)
Return: zjx

Online case

Theorem 1 Let o-PL, BV, and £-AS hold. Set the sequences in Algo-
: / (2—a)k —(2—wk 2k (2—a)k
rithm Las b, = O(2« ), pr=0(2"7 ), by =0(20), T =02+ ),

N = O(1). Then the sample complexity of PAGER is O ((%2 4 /{2> e?) |

Finite sum case

min
rcRA

fla) =13 fix)] 2)

Theorem 2 Let f(-) have the form (2) and a-Pt,, BV, and k-AS hold. Set

(2—a)k

the sequences in Algorithm 1 as py = n%l, b, =1, b, =n, T} = @(2 T )7
2—o

N = ©O(1). Then the sample complexity of PAGER is O (n + /N K 6;7)

Implications and Discussion

e PAGER improves SGD for all o € [1, 2).
e For « = 1, PAGER achieves O (6;2) compared to O (6]73) for SGD.
e PAGER is optimal for 1-PL..

e 1-PL. functions appear in applications such as reinforcement learning.
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