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Problem Setting

Non-convex: Convex (unknown):

min Fi(z) st. Fy(z) <0 min Hy(u) st. Ho(u) <0

reX uel
X C R? — convex U = c(X) — convex

(HC) Hidden Convexity [1]

e min,cy Hi(u) s.t.Ho(u) < 0 is convex and admits a solution.

e [ixists an invertible ¢ : X — U with u. > 0 such that
(HC)  le(x) = c)ll = pellz =yl Vr,y € X.

Oracle access: (Sub-)gradients g; € OF;j(x), function evaluations Fh(x).

Main contribution.
First solution methods for hidden convex constrained
optimization with provable global convergence.

Summary of Total (Sub-)Gradient Complexities

Assumptions Setting Method Complexity
(WC), (BG), Fy(-) =0  Sub-Grad. Method O 1]
(HC) _
Fy()#£0  SIPPM + SwSG O(e™)
F5(-) =0  Gradient Descent (GD) O™ 2]
(5m), (HC)  Rm()z£0  SIPPM + ACGD O(e72)
F5(-) 20  S-StarBL (F™* is known) O™

“S-IPPM” is Shifted Proximal Point, “SwSG” is Switching Subgradient, “ACGD”
refers to Accelerated Constrained GD, and “S-StarBL” is Shifted Star Bundle-level.

Motivating Application

Convex Constrained MDP [2]. State-action occupancy measure:

+00
ri=1 = u:=\N(s,0)=> V'P, (s =85a,=a) (SOM)
h=0
Policy Optimization — typically non-convex in = € I1 c RISIIAI:
min Fi(m) = Hy(\™),
iy Fm) = Hi) (CCMDP)
S.t. FQ(TF) = HQ()\W) < O,

but convex in ©u = A" since Hy, Hy : U — R are convex utilities.
e Standard Constrained RL, Hi(N™) = r' X", Hy(A\™) = c¢' \™ are linear.
e Safe Exploration, H{(A™) — negative entropy, Ho(A™) = ¢' A\™ linear.

o Imitation learning, H1(A™) or Hy(A7) is a KL divergence.
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Assumptions

(WC) Functions Iy and F; are p -weakly convex, i.c., F;+5| - ||* are convex.
(BG) Bounded subgradients: ||g;|| < G forall x € X, g; € OF;(x), i =1,2.

(Sm) F; are differentiable, and ||V Fi(z) — VF;(y)|| < L||x —y|| Vx,y € X.

Approach I: Shifted Proximal Point

At each iteration, solve the shifted strongly convex subproblem:

k+1) (k)

"~ argmin ) () = Fi(e) +plle —2WP, (S-IPPM)
st. (@) = By(x) + p |z — 2W|>—7 < 0.

Idea: Prove that z, is a Slater point of (S-IPPM); use feasible algo:
— (S-IPPM+SwSG) for weakly convex [3],
— (S-IPPM+ACGD) for smooth [4].

Approach 11: Shifted Bundle-level

Ty = argmin ||x — ZEtHQ,
reX

s.t. Fi(x) + (VFi(xy), 20 — x) < F+1,
Fo(xy) + (VEy(xy), 2 — ) < .

(S-StarBL)

Idea: Bundle-level methods [5] fail in non-convex case = add shifts 7, 7.

Note: If F} is unknown, then estimate it = S-BL4+AdalLS.

Proof visualization: (left) non-convex space, (right) convex space.
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Theoretical Analysis

S-IPPM needs only O(!/clogl/c) outer iterations

Thm. Under (HC), (WC) and diam(U) < Dy, A := Fi(z") — FY,

3pD; 3A
N > PUG (20— M) - Fr<e, BaV)<e
(2 e 3 :

If each (S-IPPM) solved to O(e*)-accuracy, then Tioa = N - Thner(€) :
SwSG (BG) ACGD (Sm)

Timer(€) = O(e77) Tine(e) = 5(5_1)

S~ S~

ﬂotal — O<5_3) T{:otal — 0(8_2)

S-StarBL needs only O(1/clog!/:) total iterations

Thm. Under (HC), (WC), (Sm) and diam(U) < Dy,

2 (0) px
T Z (/0 _I_ZL)DZ/{ 10g (20(51: 7F1 ))
Hee 2

where v(2'%), F¥) = max{F(z\") — F*, Fy(2")}.

= Fi(vr)—Fy < ¢, Fy(zr) <,

Numerical Illustration

Constrained Geometric Programming: Fj(x) = Zﬁ;l b, e,
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